In the analysis of the mechanical behaviour of fibrereinforced incompressible elastic bodies, there is a special angle of orientation of the fibres which leads to a particular mechanical response. This angle has been called a 'magic angle' due to its appearance as if by magic in many different aspects of the mechanics of fibrous solids including several examples in biology. It occurs most commonly not only in structural elements composed of circular cylindrical tubes or cylinders reinforced by helically wound fibres but also in flat thin sheets reinforced by fibres in the plane. The occurrence of such a special angle was classically demonstrated using a simple purely geometric analysis in the context of a lattice composed of a single family of helically wound inextensible fibres. Recently, the magic angle concept has been discussed in the framework of nonlinear hyperelasticity for anisotropic materials with detailed constitutive modelling. Our purpose here is to describe some other contexts in which the magic angle occurs starting from earlier work in a special theory of linear elasticity for inextensible fibres and proceeding to relatively accessible models of hyperelasticity. We discuss the role of the magic angle in the quasi-isotropic mechanical response of fibre-reinforced composites as well as the implications for material instability. 
Introduction
In some recent papers by Goriely & Tabor [1] and Demirkoparan & Pence [2] , which are concerned with nonlinearly elastic hollow circular cylinders and membranes reinforced with one or two families of extensible fibres, it was pointed out that the mechanical behaviour has special features at a particular angle of orientation of the fibres, called the 'magic angle' by Goriely & Tabor [1] . The latter paper provides an informative summary of the various contexts in biology where the magic angle concept arises. A further discussion of the magic angle is given in the recent book by Goriely [3] . As pointed out in [1] , apparently one of the first studies where this concept was encountered was in a landmark paper by Cowey [4] , who considered the factors controlling the change of shape of worms and determined that the epidermal basement membrane of the nemertean Amphiporus worm is composed of fibres of collagen arranged in alternate left-and right-handed geodesic helices running around the body of the animal. Cowey then elegantly obtained a formula for the volume V enclosed by these two families of fibres in terms of their winding angle, Θ. Specifically, he considered a unit length of a cylindrical surface bounded by a single turn of the geodesic fibre system, as shown in figure 1a , where only one family of fibres is shown for clarity. This cylindrical surface is then cut longitudinally and flattened out, yielding figure 1b. Given that the volume enclosed by a single turn of the fibres is V = π R 2 L, with 2π R = D sin Θ, L = D cos Θ from figure 1b, where D denotes the length of one fibre turn, it follows that the volume can be written in terms of the pitch angle as
which is the last eqn on p. 10 of Cowey [4] . See also eqn (11.348) of Goriely [3] . Cowey [4] also determined that the collagen fibres were more or less inextensible, with changes of length of the body, or parts of the body, of the worm permitted by a change in the angle between intersecting elements in the lattice formed by the fibres. The assumption of inextensibility means that D, the length of one fibre turn, must be a constant, and therefore the volume enclosed by the two families of fibres is a function only of the pitch angle, Θ. The maximum volume therefore occurs when dV/dΘ = 0, which yields 2 cos 2 Θ − sin 2 Θ = 0, (1.2) or equivalently written as
This is the classic result for hydrostats for which a magic angle was obtained based purely on geometric considerations. Note that, in some papers, the magic angle terminology is used for the complement Θ mc of this angle (90 • − 54.74 • = 35.26 • ), so that 4) and, in this case, the analogue of (1.2) is 2 sin 2 Θ − cos 2 Θ = 0.
(1.5)
We will call both angles 'magic angles', and it will be clear from the context which of (1.2) or (1.5) is referred to. Further interesting aspects of the magic angle for hydrostats is given in §11.11.5 of Goriely [3] , where additional references may be found. Another powerful insight into the role of the magic angle and the structure of biological tissue that can be gleaned from simple geometry is given in Clark & Cowey [5] , who further considered the factors controlling the shape of worms and, in addition to considering the case of inextensible fibres, also considered the effect of fibre extensibility when the volume of soft tissue being enclosed is constant. A simple rearrangement of (1.1) for this case therefore yields
It is trivial to show that D has a minimum at the magic angle Θ = Θ m . This could be an explanation for why pitch angles of the collagen fibres in the adventitia of elastic arteries are closely approximated by the magic angle. Schriefl et al. [6] , for example, examined eleven human non-atherosclerotic thoracic and abdominal aortas and common iliac arteries. They found two families of collagen fibres wound around the axial axis of the arteries in an almost symmetrical pattern in the adventitia and measured the corresponding angles of pitch to be (53 • , −51 • ) for the thoracic aortas, (50 • , −48 • ) for the abdominal aortas and (53 • , −54 • ) for the common iliac arteries. To approximate the in vivo stress/strain state of the vessel wall and to ensure straightened collagen fibres, a biaxial stretch was first applied to square arterial specimens, which were then chemically fixed and embedded in paraffin wax to enable measurements of the pitch angles to be made using polarized microscopy. This approximation of the in vivo state could explain the small differences between the measured pitch angles and the magic angle. The magic angle effect that arises from simple geometry will be one focus of this paper. The other is the magic angle effect on constitutive laws linking applied force to strain for elastic composite materials. A classic example of this arises in the mechanical response of closed cylindrical pressure vessels. Assume such a cylindrical vessel has inner and outer radii r 1 , r 2 , respectively, and is subjected to an internal pressure P. Let r 2 /r 1 = 1 + γ , so that γ is a measure of the thickness of the vessel. Consider one half of the vessel as illustrated in figure 2. The balance of forces across the dashed surface yields
where σ θ is the pressure vessel hoop stress. Let σ z denote the axial stress. Then the balance of forces at either of the closed ends yields
Assuming a thin cylinder with γ 1 and retaining only first-order terms in γ yields
Comparing this with (1.7) yields the classical formula linking hoop and axial stress for pressure vessels,
In classical pressure vessel theory (see [7] , for example), σ θ /σ z = tan 2 Θ, where Θ is the winding angle of the reinforcing fibres, and therefore the magic angle is again recovered. Although it will be shown that there are many interesting theoretical instances of the magic angle, ultimately it is the application of the magic angle concept that makes it of fundamental importance. In addition to its role in the biology of hydrostatic skeletons discussed earlier, the magic angle concept also arises in a wide variety of other models in mathematical biology. A recent paper by Kim & Segev [8] describes how the intriguing mechanics of an octopus arm also gives rise to a magic angle. The octopus arm, like the elephant trunk, is an example of a muscular hydrostat. The magic angle also arises in the field of soft robotics in connection with McKibben actuators that can serve as artificial muscles (see [1, 3] for pertinent references). See also Demirkoparan & Pence [9] and Fang et al. [10] . The work of Demirkoparan & Pence [2] is concerned with circular cylindrical hyperelastic elastic tubes reinforced by a symmetric doubly helically wound family of extensible fibres. The tubes are subject to the combined effect of internal pressure and interior wall swelling. A more general framework for fibre reinforcing, but one that does not include wall swelling, was considered in Goriely & Tabor [1] , where non-symmetric fibre families were considered as well as the effect of pre-stretch of the fibres. Both papers use a theory of nonlinear hyperelasticity for orthotropic materials. It is shown how the magic angle separates different response modes in the fibre-reinforced body. For example, a pressurized tube reinforced by a doubly symmetric family of helically wound fibres contracts in length and expands radially if the fibres are wound at an angle smaller than the magic angle, while the tube increases in length and contracts radially if the fibres are wound at an angle greater than the magic angle. A full appreciation of both of these recent papers requires a broad background knowledge in nonlinear continuum mechanics. However, as we have seen above from the early work of Cowey [4] and Clark & Cowey [5] , the magic angle concept has much simpler origins. The purpose of the present paper is to describe some other contexts in elasticity in which the magic angle arises, starting from a simple theory of linear elasticity and proceeding to relatively accessible models of hyperelasticity.
Although the examples of Cowey [4] and Clark & Cowey [5] are simple yet powerful illustrations of the magic angle effect, they are atypical. The magic angle effect usually results in one of the following:
1. a quasi-isotropic mechanical response of composites reinforced with fibres; 2. a homogeneous deformation possible only for the magic fibre angle; and 3. a boundary fibre angle between stability and instability for a composite, where instability is assumed here if either the fibre stress is negative or the fibres are compressed.
These effects will be illustrated here by considering composite materials in two simple geometries: a flat thin sheet reinforced with fibres in the plane perpendicular to the thickness and cylindrical rods and tubes reinforced with fibres wound around the axis of the cylinder in helices. The outline for the paper is as follows. In §2, we briefly describe how the magic angle concept arises in a special linearized theory of elasticity. This was first demonstrated in papers by Spencer et al. [11, 12] using an idealized theory pioneered by Spencer [13, 14] . This theory assumes that the fibres are perfectly inextensible and the bulk material is incompressible. It was shown by Spencer and co-workers that this theory provides a first approximation to the case of extensible fibres. As in Spencer et al. [11] , we consider the pressurized hollow cylinder problem for a linearly elastic cylinder reinforced with a double family of helically wound inextensible fibres. The kinematic constraints of inextensibility and incompressibility allow one to determine kinematically admissible displacement fields. At the magic angle for fibre reinforcement, significant simplifications in the analysis are shown to occur. It is noteworthy that the magic angle in this context occurs purely from kinematic considerations independent of any constitutive law for material behaviour. In §3, we relax the idealization of perfect fibre inextensibility and consider infinitesimal deformations of transversely isotropic incompressible hyperelastic materials. For a cylindrical rod reinforced by a single family of helically wound fibres distributed through the matrix, it is shown that the rod subjected to the homogeneous deformation obtained in §2 has zero fibre stretch at the magic angle. It is also shown that the stress response at the magic angle is independent of the longitudinal Young modulus of the fibres. For commonly used hyperelastic models for soft tissues, it is shown that this linearized response at the magic angle is identical to that of an isotropic material. These results are the linearized analogues of some results obtained recently by the authors starting from the fully nonlinear context [15] . The role of the magic angle in off-axis tensile testing of transversely isotropic cuboid specimens is also examined in §3. We show that fibre compression can occur at fibre orientations greater than the magic angle. A natural material stability criterion based on fibre tension or compression is also proposed. In §4, analogous considerations are carried out for cuboid specimens reinforced with two families of straight fibres arranged in a plane so that we have orthotropic symmetry. First, we summarize recent results of Horgan & Murphy [16] on the linearized response of commonly used hyperelastic orthotropic constitutive models widely used in biomechanics applications. It is shown that, when the angle of orientation of the fibres is increased from zero, the mechanical behaviour is initially as one would expect physically, but at the magic angle an abrupt change occurs and, on further increase, the body undergoes a counterintuitive response. Analogous results to those obtained in §3 on fibre stretch and material stability are also obtained. In §5, we consider aspects of the fully nonlinear theory for incompressible thin sheets reinforced by two families of inextensible cords pioneered by Adkins & Rivlin [17] . Here, we develop a magic angle concept based on pure kinematic considerations for the nonlinear behaviour of such composites. As in §2, this result is independent of any constitutive assumptions on the matrix material. A nonlinear stability criterion involving the nonlinear magic angle for such fibre-reinforced sheets with an isotropic hyperelastic matrix is also proposed. The last section contains some concluding remarks.
Magic angle in the linear theory for ideal fibre-reinforced materials
The magic angle concept occurs in a special theory for fibre-reinforced incompressible linearly elastic materials. This idealized theory and its extension to large deformations was pioneered by Spencer [14] and has been widely applied since then. This theory assumes that the fibres are perfectly inextensible and the bulk material is incompressible. This type of analysis is known as 'netting analysis' in the composite materials context (see, for example, [18] ). It was shown by Spencer and co-workers that this theory provides a first approximation to the case of extensible fibres.
Perhaps the simplest manifestation of the magic angle effect in this context is the linear mechanical response in simple tension of a flat incompressible sheet in which are embedded two families of mechanically equivalent inextensible fibres. If denotes the infinitesimal strain tensor, then incompressibility yields . This is the first example of the quasi-isotropic effect of the magic angle discussed in the Introduction, because at the magic angle (1.3) we have ν xz = ν xy .
The first papers in which the magic angle occurs in the linear idealized theory appear to be those of Spencer et al. [11, 12] . In these papers, the problem of a circular cylindrical tube reinforced by a double family of helically wound fibres is considered. The unit vectors M, M in the fibre directions can be written in cylindrical polar coordinates as
where θ denotes a pitch angle measured relative to the horizontal axis with 0 ≤ θ ≤ π/2. To describe the type of result obtained, we focus on a simple idea described in Spencer et al. [11] for the special case of axisymmetric deformations. It is shown there that the inextensibility of the fibres can be expressed as
while the incompressibility condition is simply
On seeking cylindrically symmetric displacements of the form
it is shown in Spencer et al. [11] , and may be easily verified directly, that (2.2) and (2.3) are satisfied if
where C is a constant of integration and
The matrix of linear strains is then given by
It is now clear from (2.6) that the case m = 1 is exceptional. When m = 1, the axisymmetric deformation (2.4) is accompanied by an axial shear strain. As pointed out in Spencer et al. [11] , such a shear strain would in general be associated with a non-zero shear stress, which in turn would violate zero traction boundary conditions on the lateral surface. Such incompatibilities with boundary conditions are a common feature of the idealized theory. However, when m = 1, there is no shear strain (which is sometimes called a pure deformation) and the displacement field reduces to u(r) = Cr, v = 0 and w(z) = −2Cz.
From (2.5) we see that m = 1 implies that tan 2 θ = 2 and thus we find that θ is indeed the magic angle ( .3) are satisfied and hence (2.7) has been derived independent of any constitutive considerations. The constant C is then determined from boundary conditions. As pointed out by Spencer et al. [11] , pressure vessels reinforced by fibres helically wound at the magic angle thus have very special properties. For example, the absence of shear strain and stress reduces the possibility of failure by delamination. In addition, as described in the Introduction of this paper (see also [2] ), in thin-walled closed cylindrical pressure vessels, the maximum strength is obtained when the ratio of the hoop stress to axial stress is 2 : 1, which occurs at the magic angle. The magic angle is the angle at which a transition occurs between length decrease accompanied by radius increase, which occurs if the fibres are close to axial orientation, and length increase accompanied by radius decrease, which occurs if the fibres are close to circumferential orientation. The magic angle is the optimal winding angle for the design of filament-wound structures and, as mentioned earlier, is often derived in the composite structures literature by netting analysis (see, for example, [18] ). An application of the idealized linear theory to bending of helically wound tubes is carried out in Spencer et al. [12] , where again it is shown that reinforcement at the magic angle (1.3) leads to considerable simplification. A review of such results and extensions to large elastic and plastic deformations is given by Rogers [19] .
Magic angle for transversely isotropic incompressible hyperelastic materials
The idealization of perfect fibre inextensibility will now be relaxed but it will be shown that the magic angle concept still arises when one considers infinitesimal deformations of incompressible transversely isotropic elastic materials. Thus we are now considering reinforcement with a single family of extensible fibres, but the fibres are distributed throughout the incompressible matrix, in contrast with reinforcement in a layer considered in the previous section. Again, as in §2, attention is confined to the linearized theory.
The linear stress-strain law for such incompressible transversely isotropic elastic materials can be written in the form
where M is a unit vector in the preferred direction, m ≡ M. M is the fibre stretch and p is an arbitrary scalar field. Here, μ T , μ L are the positive infinitesimal shear moduli for shearing in planes normal to the fibres and along the fibres, respectively, and E L is the positive Young modulus in the fibre direction. Consider first the case of a circular cylindrical rod reinforced with a single family of fibres wound around the axis of the cylinder with a pitch angle θ so that
Suppose now that the rod is subjected to the homogeneous deformation (2.7) considered in the previous section. Then the shear strains are identically zero, with rr = C, θθ = C, zz = −2C, and the corresponding fibre stretch is therefore
Thus the fibre stretch is identically zero for pure homogeneous deformations of the rod if, and only if, the winding angle is the magic angle (1.4). It also follows from (3.1) that there is therefore no dependence on the Young modulus of the fibres E L for pure homogeneous deformations of cylinders reinforced with fibres wound at the magic angle. Further results of this type are obtained in [15] , starting from the fully nonlinear theory. Similar results are described in Goriely [3] for orthotropic cylinders reinforced with two families of symmetrically wound fibres.
If it is further assumed that [20] ). We now show that it is however implicitly assumed when modelling soft tissue in the nonlinear elasticity context using a common simplified model for the mechanical response of incompressible, transversely isotropic materials. The mechanical response of these materials is completely characterized by specification of the strain-energy function W, which has the classical form W = W(I 1 , I 2 , I 4 , I 5 ), where
Here C ≡ F T F, with F denoting the deformation gradient tensor. We assume here that, on linearization, the nonlinear theory should be compatible with the theory of incompressible transversely isotropic elasticity for infinitesimal strains. In this way, one can deduce that the strain-energy function should satisfy the conditions [20] 
where the subscript denotes partial differentiation with respect to the appropriate invariants (3.4) and where the hat notation denotes evaluation at I 1 = I 2 = 3, I 4 = I 5 = 1. Motivated often by pedagogical convenience, many models of soft tissue are developed in the context of a strain energy that has the reduced dependence W = W(I 1 , I 4 ). For these models it is immediate from (3.5) 2 that (3.3) holds.
It has been shown above that the magic angle naturally arises when a strain field is specified for small deformations of transversely isotropic materials. It will now be shown that the same is true for prescribed stresses. Taking traces in (3.1) yields
and hence
Therefore,
Consider now cuboid specimens with a Cartesian coordinate system located at the centre with the axes perpendicular to the faces in an obvious way. Consider the following preferred direction:
using an obvious notation for unit vectors in the direction of the axes. Simple tension in the x 1 -direction is defined by the stress tensor σ = Te 1 ⊗ e 1 , T > 0. As a material characterization test for transversely isotropic materials, this type of testing is usually called off-axis testing. Substitution into the identity (3.8) yields
and therefore the fibre stretch has the following signs:
Fibre compression is associated with instability and so the role of the magic angle in off-axis testing of composites is clear. If one now considers axial tension with σ = Te z ⊗ e z , T > 0, of circular cylinders reinforced with fibres wound around the cylindrical axis in the direction (3.2), then it follows from (3.8) that
T(3s
where we recall from (1.4) that Θ mc = 35.26 • is the complement of the angle Θ m . This again illustrates the importance of the magic angle for the stability of composite cylinders [1] . These simple examples motivate a generalization of the magic angle concept: we define the magic angles to be the pair of angles (recall that M is a unit vector) such that the fibre stretch is zero, i.e. m = 0.
It follows from (3.8) that this pair of angles is obtained by solving the equation
for a given stress distribution. For example, this equation for simple tension in the x 1 -direction when the fibres are in the general three-dimensional direction, M = cos θ sin φ e 1 + sin θ sin φ e 2 + cos φ e 3 , (3.12) yields 3 cos 2 θ sin 2 φ = 1. (3.13)
The locus of solutions of this equation for 0 ≤ θ ≤ π/2, 0 ≤ φ ≤ π/2 is given in figure 3 , with the limiting roles of the magic angles θ m , θ mc clearly evident from this plot. The identity (3.8) also motivates a stability criterion for fibre-reinforced materials. As fibres in compression are inherently unstable, an obvious stability criterion is that 3M.σ M > trσ .
(3.14)
An illustrative indication of this condition is given in figure 3 , where the region of stability is shaded for simple tension in the x 1 -direction. One noteworthy feature of this plot is that stability is not necessarily dominant as the area of the stability region is smaller than that of the region of instability. Note also that, although the stability criterion (3.14) was motivated by the linear theory, this criterion could also be reasonable for nonlinear deformations of incompressible, transversely isotropic materials, but this will not be considered here.
Magic angle for incompressible orthotropic materials
The magic angle effect that arises when the incompressible matrix is reinforced by a second family of fibres is now considered. As in the last section, the fibres are again assumed extensible and are distributed uniformly throughout the matrix. The magic angle effect for a special subclass of linear materials will first be considered. This subclass has assumed recent importance as it is the linearized version of the dominant model for the modelling of the nonlinear mechanical response of arterial tissue. These nonlinear models are therefore first introduced, with the corresponding linear model obtained by restricting the strains to be infinitesimal. The strain-energy function for an incompressible hyperelastic material with two preferred directions, described by the unit vectors M, M in the undeformed configuration, is an arbitrary function of seven invariants, and the resulting representation for the Cauchy stress is rather complicated (see [14] or the recent papers of Murphy & Biwa [21] and Horgan & Murphy [16] ). It suffices for our purposes here to consider a subclass of orthotropic materials widely used in arterial mechanics involving just three invariants, so that
where I 1 , I 4 are as defined in (3.4) and I 6 = M .CM . The constitutive law for the Cauchy stress σ is then given by
It is assumed that the strain energy and stress vanish in the undeformed state so that
where the hat notation denotes evaluation at I 1 = 3, I 4 = I 6 = 1, andp is the value of the arbitrary pressure field in the undeformed configuration. It can be shown using the analysis of Horgan & Murphy [16] that the corresponding linearized theory yields Thus the linearized theory for the special class of materials (4.1) is a three-constant theory. An example of where the magic angle concept arises for the class of orthotropic hyperelastic materials (4.1) is in the problem of simple tension. Simple tension tests of cuboid specimens in which forces are only applied normal to two parallel faces of the specimens are described in Horgan & Murphy [16] and Murphy & Biwa [21] . Infinitesimal deformations of an incompressible nonlinearly elastic matrix reinforced with two families of straight fibres are considered in [16] . Choosing the origin of a Cartesian coordinate system to be at the centre of the cuboid specimen, let the fibres have the directions described by the unit vectors M, M in the reference configuration: are perpendicular to one another. It is shown in Horgan & Murphy [16] that the ratios of the corresponding Young moduli for the special class of materials (4.1) have the forms
where the E i are the Young moduli in the different coordinate directions and the m i have been defined in (4.3). On using these definitions, we can write the foregoing ratios as
where the non-dimensional parameter α is
We recall that the hat notation on W denotes evaluation of these derivatives at I 1 = 3, I 4 = I 6 = 1. The parameter α, assumed positive, is a measure of the relative contribution to the mechanical response of the isotropic matrix and the reinforcing fibres, with increasing values of α indicating increasing anisotropy of the material. Comparable results for the individual Poisson ratios were also obtained in Horgan & Murphy [16] . The motivation in that study for examination of the ratios (4.6) was to assess the viability of orthotropic models of the form (4.1) in reflecting the expected lower out-of-plane strength of such fibre-reinforced materials compared with corresponding in-plane properties. Consider the first of the ratios (4.6). It is easily verified that
so that, on recalling the definitions (1.4), (1.5), it is seen that, for angles of orientation such that
the out-of-plane Young modulus E 3 is predicted to be greater than or equal to the in-plane modulus E 1 , with equality holding at the magic angle. In other words, in the range 35.26
a counterintuitive mechanical behaviour is predicted by the models (4.1). It is easily verified that ∂ ∂α
(4.8)
Consequently, there are three regions in the range 0 ≤ θ ≤ π/4 to consider:
1. θ < 35.26 • : E 1 > E 3 as one would expect physically. Furthermore, the derivative (4.8) is negative and hence, as the contribution from the fibres is increased, the in-plane modulus increases more than the out-of-plane as one would expect. 2. θ = 35.26 • : Now E 1 = E 3 and the derivative in (4.8) vanishes. Thus, at the magic angle, the material behaves as if it were transversely isotropic regardless of the stiffness of the fibres, which is rather surprising. 3. θ > 35.26 • : As we have seen earlier, we have the counterintuitive result that E 1 < E 3 and, furthermore, the derivative in (4.8) is positive. Thus as the contribution from the fibres is increased, the out-of-plane modulus increases faster than the in-plane modulus, which is also unexpected. Thus, it has been shown that, when the angle of orientation is increased from θ = 0, the linearized mechanical behaviour in tensile loading of the orthotropic fibre-reinforced cuboid is initially as one would expect physically, but, at the magic angle, an abrupt change occurs and, on further increase, the body undergoes a counterintuitive response.
We now carry out an analysis of the fibre stretch analogous to that described in the previous section for transversely isotropic materials. We return to the stress-strain relation (4.2) and it is easily shown that
Adopting the criterion of zero fibre stretch for the magic angle proposed in §3 yields the following equations to determine the two pairs of magic angles for orthotropic materials:
the second of which is the condition for magic angles for transversely isotropic materials (3.11).
To fix these general ideas, consider simple tension in the x 1 -direction, say, with T = Te 1 ⊗ e 1 , T > 0 and M = cos θ sin φ e 1 + sin θ sin φ e 2 + cos φ e 3 and M = cos θ sin φ e 1 + sin θ sin φ e 2 + cos φ e 3 . (4.13)
The magic angle formulae (4.12) then yield cos 2 θ sin 2 φ = cos 2 θ sin 2 φ and 3 cos 2 θ sin 2 φ = 1, (4.14)
the second of these being the same as (3.13) obtained for transversely isotropic materials. If, for example, one now sets θ = −θ , φ = π/2, φ = −π/2, then the standard arrangement of fibres (4.4) is recovered. For these fibres, the first of (4.14) is identically satisfied; it follows from (4.10) that m = m and (4.11) yields
The denominator is positive if the linear strain-energy function is assumed positive semi-definite [16] . Thus a similar relation between fibre angle and fibre tension/compression to that given in (3.9) for transversely isotropic materials is evident here. An analogous result was obtained by Goriely [3] on linearization of the nonlinear theory (see §11.11.13).
The magic angles as defined here therefore determine the boundary in angle space where the sign of the fibre stretch changes and should play a significant role in the constitutive modelling of arteries, especially when the tension-compression switch is employed. The physical motivation behind this switch is that fibres in compression are not likely to contribute to the mechanical strength of the composite and this is often modelled by assuming that the composite behaves as an isotropic material when the fibres are in compression. The fact that fibres can be in compression in some interval of strain containing the undeformed configuration in simple tension for fibres with orientation greater than the magic angle suggests that such tests are inappropriate for soft tissue modelled using a strain energy of the form (4.1). 
Nonlinear incompressible sheets reinforced with a layer of inextensible cords
The concept of the magic angle also naturally arises in the nonlinear theory of an incompressible matrix reinforced with inextensible fibres. Adkins & Rivlin [17] considered the finite, homogeneous deformations of an incompressible, isotropic sheet reinforced with two sets of inextensible cords. Locate the origin of a Cartesian coordinate system at the centre of the undeformed sheet with two sets of straight thin inextensible cords lying in the plane z = 0, arranged so that the two sets intersect the x-axis at angles ±Θ, Θ = 0, π/2. Denote the principal stretches in the directions of the coordinate axes by λ x , λ y , λ z . As the cords are inextensible, it follows immediately that
while incompressibility yields
Consider an experiment for which λ x , say, is the independent stretch. Then it follows from (5.1) that
and that
which is equation (3.4) of Adkins & Rivlin [17] . As noted there, it follows from (5.2) that, for
Therefore, the sign of λ 2 z − λ 2 y is the same as the sign of (λ 6 x − 1)(cos 2 
. In particular, the kinematic response is isotropic with λ z = λ y = λ −1/2 x if, and only if, 4) with the corresponding result for infinitesimal deformations obtained by setting λ x = 1, which yields 5) which is the magic angle (1.3). Thus one could interpret (5.4) as the extension of the magic angle concept to the nonlinear regime. Again, we observe that the magic angle and its nonlinear generalization for inextensible cords arises solely from the kinematics of the deformation and is therefore independent of the material symmetry assumed for the matrix. One can also interpret the magic angle in terms of stability. It is shown in Adkins & Rivlin [17] (see equation (3.1) ) that the tension in the fibres τ has the form τ = hd
Here W is the strain-energy function for the isotropic matrix, with I 1 , I 2 denoting the classical strain invariants
h is the thickness of the sheet and d is the perpendicular distance between the fibres in the undeformed configuration. 
Negative tension in fibres is associated with fibre buckling, and fibres are assumed to be stable only when in tension. The regions of stability defined by (5.8) are plotted in figure 4 , together with kinematically admissible stretches defined by (5.2). The intersections of these two regions are those fibre angles and axial stretches which are physically realistic for incompressible sheets reinforced with inextensible cords and are represented by the light-shaded region in both subfigures. Figure 4a shows the feasible region for simple compression; figure 4b shows the region for simple tension. It is assumed that only those deformations that are achievable along a stable path from the undeformed configuration are feasible. The loss of stability in fibres is typically manifested in fibre buckling with the inevitable loss of deformation homogeneity. The influence of the magic angle on feasibility is clear from figure 4 . Simple compression is feasible only for those fibre angles that are larger than the magic angle, and all compression states are possible in this case. Simple tension is feasible only when the fibre angle is less than the magic angle, but the range of allowable deformations is extremely limited, with the maximum allowable stretch √ 3 in simple tension occurring at the magic angle. Although both constraints of incompressibility and inextensibility considered here are idealizations, the results obtained here should have relevance for the testing of soft tissue, where these constraints are used to model the high water content of soft tissue and its reinforcement with relatively stiff collagen fibrils, respectively. In particular, the results suggest a possible loss of homogeneity in simple tension experiments at relatively small stretches.
The corresponding result for tension in the fibres in the linear theory follows from setting λ x = 1, λ y = 1 + yy , λ z = 1 + zz in (5.6) and is given by
where μ is the shear modulus. Thus
which again suggests there could be instability issues in simple tension if the fibre angle is sufficiently large.
Concluding remarks
In this paper, we have described a number of different contexts in the mechanics of fibrereinforced incompressible elastic solids for which there is a special angle of orientation of the fibres which leads to a particular mechanical response. This angle, known as the 'magic angle', occurs most commonly in structural elements composed of circular cylindrical tubes or cylinders reinforced by helically wound fibres but also occurs in flat thin sheets reinforced by fibres in the plane. We first briefly summarized early work in the biology literature, providing a purely geometric demonstration of a special angle of orientation in the context of a lattice composed of a single family of helically wound inextensible fibres. The classical pressure vessel analysis of thin-walled circular tubes reinforced by a helically wound family of inextensible filaments was then used to show how the magic angle effect influences the stress response for infinitesimal deformations of composite materials. The effects of the magic angle arising in the context of an idealized theory of linear elasticity assuming perfectly inextensible fibres embedded in an incompressible elastic matrix were then described. It is noteworthy that the magic angle in this context arises purely from kinematic considerations independent of any constitutive law for material behaviour. The idealization of perfect fibre inextensibility was then relaxed and infinitesimal deformations of transversely isotropic incompressible hyperelastic materials were considered. For a cylindrical rod reinforced by a single family of helically wound fibres distributed through the matrix, it was shown that zero fibre stretch can occur at the magic angle when the rod is subjected to a homogeneous deformation. It was also shown that the stress response at the magic angle is independent of the longitudinal Young modulus of the fibres. For commonly used hyperelastic models for soft tissues, it was shown that this linearized response at the magic angle is identical to that of an isotropic material. The role of the magic angle in off-axis tensile testing of transversely isotropic cuboid specimens was also examined. It was shown that fibre compression can occur at fibre orientations greater than the magic angle. A natural material stability criterion based on fibre tension or compression was also proposed. Analogous considerations were then carried out for cuboid specimens reinforced with two families of straight fibres arranged in a plane so that one has orthotropic symmetry. The linearized response of commonly used hyperelastic orthotropic constitutive models widely used in biomechanics applications was described. It was shown that, when the angle of orientation of the fibres is increased from zero, the mechanical behaviour is initially as one would expect physically but, at the magic angle, an abrupt change occurs and, on further increase, the body undergoes a counterintuitive response. Analogous results to those obtained for transversely isotropic materials on fibre stretch and material stability were also obtained. Finally, we examined aspects of the fully nonlinear theory for incompressible thin sheets reinforced by two families of inextensible cords. A magic angle concept based on pure kinematic considerations for the nonlinear behaviour of such composites was described. A nonlinear stability criterion involving the nonlinear magic angle for such fibre-reinforced sheets with an isotropic hyperelastic matrix was also proposed.
In conclusion, we make some remarks of a historical nature regarding the nomenclature of 'magic angle'. As was remarked in [1] , the term 'magic angle' was first introduced there to reflect the appearance 'as if by magic' in several different settings in mechanics and biology. As pointed out in [3] , it turns out that this terminology was also proposed much earlier in a completely different context, namely in solid-state nuclear magnetic resonance (NMR). See the references cited in [3] and the review article [22] . As shown, for example, in [22] , the magic angle in the NMR context arises as the first zero of the second-order Legendre polynomial P 2 (cos Θ) = which is exactly the magic angle (1.3). The details of the role of this angle in NMR is described in [22] . In this work, by gathering together historical aspects as well as very recent contributions to the magic angle concept, the authors hope to attract the attention of a wide readership to this ubiquitous intriguing topic in geometry, biology, mechanics and physics.
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